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The inversion of the fundamental relationships of the theory of plastic flow of
hardening bodies is obtained in the neighborhood of a regular point of an arbit-
rary loading surface. The stress increments are consequently expressed explicitly
in terms of the strain increments.

The fundamental relationships of the theory of a plastic hardening body [1, 2]
under the assumption of the existence of loading functions are in the form of re-
lationships expressing the increments of strain in terms of the increments of stress.
Upon formulating the problems in displacements, for example in the case of three-
dimensional stability problems [3, 4], the increments in stress must be expressed
in terms of the increments of strain, i.e. the fundamental relationships must be
inverted. Such an inversion is realized below in the neighborhood of a regular
point of an arbitrary loading surface for an isothermal strain process in the case
of small strains,

1, Following [1, 2], let us write the fundamental relationships of the theory of a plas-
tic hardening body in the neighborhood of a regular point of the loading surface, We re-
present the total strain increment as the sum of increments in the elastic and plastic
strains (we introduce the compliance tensor C for the elastic strain, and we proceed
from the associated flow law for plastic deformation)

deom = depn® -+ deym® (1.1)
deqm = Cpmij do’ (1.2)
dehm = d’»‘a—?m—,,, when f=0,df=0 and df >0 (1.3)

dehm =0, when f=0 and df=df<<0 or f<<O

where f denotes the loading function; the equation of the loading surface is hence

f(oijf gijv eijpv st ks) = O (1' 4)
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Here g;j are the covariant components of the metric tensor of a Lagrange coordinate
system in the undeformed state, o'/ are the contravariant components of the stress ten-
sor, &;;7 are the covariant components of the plastic strain tensor, ¥s are the hardening
parameters which can be related to the residual strains by nonholonomic constraints, and
k, are constants of the material,

The differential dependences for the hardening parameters can be represented for a
loading in one of the forms

dy, = Adel, AT = AV (™™, &Bm) (1.5)
, a P
dy, = B,d'f=B,t-ds", B, = B,(5", thn) (1.6)
The expressions (1, 1) — (1, 6) are fundamental in the theory of plastic hardening bo-
dies,

2, The fundamental relationships can also be represented in a somewhat different
form. To this end, we proceed as follows., From (1.3),(1.4) and (1. 6) we determine the
factor dA and substitute it into (1.3). We consequently obtain from (1, 1)—(1.3)

m = (Comij + Kumis) 457, when =0, d/ =0 and d'f >0 (2.1
B = Cpmij @57, when f=0 and df =d’f <0 or f< 0

o[98 (8 ap Of \1t 9f  9f
Knm?] [acas (aep§+ A 8]( )] 35" agii (2.2)
O e af af \-r 8f of
Anmij = (1 +Bs ax > <38£ as“ﬁ> adnmggi-j-. (2. 3)

Let us introduce the tensor X, whose covariant components are determined from (2, 2)
in the case of (1.5), and from (2. 3) in the case of (1. 6),into (2. 1). As a result of the
inversion, (2. 1) can be represented as

ds" = E3""de,,, when f=0, df =0 and d'f >0 2.4
dol = EV™ dg, ., when f=0 and df =d'f<{0 or j<0

E;‘anm (Cﬂmij -+ Knmij) = g g}'q 2.9)
BRI C i = 8857 (2.6)

Let us note that the tensor %, whose contravariant components are evaluated as a re-
sult of solving the system (2. 6), is an elastic modulus tensor {(of a linear anisotropic elas-
tic body), whose representation for different classes of anisotropy is presented in known
courses of the theory of elasticity. Hence, the question of the inversion of the relation-
ships (2. 1) for the known tensor E reduces to determining the contravariant components
of the tensor K, as aresult of solving the system of equations (2. 5) under conditions
(2.6).

The tensors E, C, K and Ephave the following properties:

ERavm — Eaknm Ekamn Emmkq’ Cﬂmia' = Cmnii = Cnmii = C‘ifﬂm (2.7

kqnm _ pakam kq’mn nmkq
Komij = Konij = Komji = Kijnmv Ey = Ep = Ep Ep
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8, Letus tum to the evaluation of components of the tensor Zp. We note that there
follows from (2. 2) and (2. 3) that the components of the tensor X can be defined as

Komi; = — Mymdd; (3.1
. i af aB af -1 9f

Mnm - [acaﬂ (aep + A4 ax, )} Py (3.2)
— Of \[0f 8f \LT _of

Mom = [(1 + B, ., ) (3833 65“3) ] P (3.3)

(the components of the tensor M in (2.2) have the form (3. 2), and in (2. 3) have the
form (3.3)).

Introducing the notation (3. 1), we obtain a system of equations (2. 6) from (2.5) to
determine the contravariant components of the tensor Ep . We seek the solution of this

same system as
b Eigznm — Ekanm 4z Ekthta Mtit; Enmt‘g‘MS,t‘ (3.4)

where z is an unknown scalar function, Substituting (3.4) into (2. 5) and taking (3. 1),
(2. 6) and the properties (2.7) of the tensors £ and ' here, we obtain

E*"™ MM — 5(1 — E""M 1 M1)] = 0
after a number of manipulations,
Ith follows that oo -
ence iollows tha - (1 - E!;tst tMm,Mt,t.) 1 8.5)

We note that the solution (3, 4),(3. 5) is meaningless for those strain processes for which
the conditions of disappearance of the expression in the parentheses in (3.5) are satisfied.
Taking (3. 1) into account, these conditions can be given the following form:

E*TK kg = — 1 (3.6)

We analyze the case when conditions (3. 6) can be satisfied. It follows from (2. 1) ~(2.3)
that the tensor K characterizes the increment in the plastic strains of a hardening body,
and it follows from the conditions (3. 6) that the components of the tensor X must be
expressed only in terms of the tensor K which characterizes the increments in the elas-
tic strains, Therefore, a solution in the form of (3.4), (3. 5) is meaningless only when
the components of the tensor K characterizing the increments in the plastic strains in

a hardening body are expressed only in terms of components of the elastic modulus ten-
sor F of the same body independently of the nature of the simplification and equiva~
lently, of the magnitude of the stresses and plastic strains,

This case apparently holds only for individual strain processes which are not charac-
teristic for hardening bodies, Thus, we obtain from a comparison between (2. 6) and(3.6)
that the conditions (3. 6) will be satisfied when

Knmkq = Cnmkq 3.7

It follows from (1. 1), (1.2) and (3. 1) and the first expression in (2. 1) that under the
active loading the increments in the plastic strains are equal in magnitude to the cormre-
sponding increments in the elastic strains and oppposite in sign; the increments in the
total strains hence equal zero, Such a strain process is apparently meaningless.

Consequently, in the general case conditions (3. 6) are not satisfied for plastic harden-
ing bodies, but the components of the tensor Ej in (2.4) can be represented,according
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to (3.4) and (3. 5), as follows:
E'g‘mn — Eijnm _ Eijhtth‘t,Enmt't‘Ml,t‘ (EG-BY5 MaBM*{S —_— 1)-1 (3.8)

Therefore, when the loading function is given in the form (1. 4), then the fundamental
relationships of the theory of plastic flow of hardening bodies can be represented in one
of the following two forms in the neighborhood of a regular point of the loading surface.
The first form is like (2. 1) taking (3. 1) into account; in a somewhat different notation
this form has been examined in [1, 2], etc. The second form, which is an inversion of the
first, can be represented according to (2. 4) and (3. 8), as follows:

dc'ij —_ (Eijmn___ E‘ijnm) danm’ when f =0, df — 0 and d'f>0 (3.9)
de¥’ = E™™de, . when f=0anddf=df<0 or <0
The tensor E,, whose contravariant components are determined from the expressions
ET™™ — WM BT My, (BFY MogM o — 1)1 (3. 10)

has been introduced into (3. 9). The components of the tensor A in (2. 1) and (3. 1), as
well as in (3. 9) and (3. 10), are determined from the expressions (3. 2) if the differential
dependences for the hardening parameters have the form (1. 56), and from (3. 3) if these
dependences have the form (1, 6),

The expressions (3. 9) and (3. 10) have been obtained for an anisotropic body with
arbitrary hardening and contain a number of particular cases,some of which we examine
below.

4. Let us initially consider an isotropic body with arbitrary hardening. In this case
the following expressions hold:

E™ = Mgl 4 (g™ + g"mg™) (4.1
1
CnmiJ' = —2'}: (gnigmj - Ti_.v gnmgij) (4.2

Substituting (4. 1) into (3. 10), we obtain after a number of manipulations (4;M are alge -
braic invariants of the tensor /)

EP™ = [Mglign™ (AN + 26 (8T - gt M) A+ (4.3)
G MM (20 A (AM) — AT
AM — gedM,,,  AS = Mo M*P (4.4)

Therefore, in the case of an initially isotropic body with arbitrary hardening, the first
form of the fundamental relationships has the form (2. 1) taking (4. 2) and (3, 1) into ac-
count, while the second form has the form (3. 9) with (4. 1) and (4. 3) taken into account.
Further simplifications (particular cases) can be obtained if the kind of stress function is
made specific.

As an illustration, let us examine the loading function corresponding to the Mises plas-
ticity condition. We represent it as follows:

f=A2°— ¢ (X (4.5)
A,’° is the second algebraic invariant of the stress tensor deviator, o *B are components
of the stress tensor deviator, X is the hardening parameter. In conformity with (4. 4), we
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can write the second algebraic invariant in terms of the components of the stress tensor

deviator Ay =B,
Following [1, 2, 5], we take the work of the plastic strains as the hardening parameter,
then dy = c‘jdefj.

Comparing this with the expression (1.5), we obtain A% =¥,
After transformations, we obtain the following expression from (4. 5) and (3. 2):
1 L ode\~',
M= (—TAZGW) Sam
In this case we find Knmi; from (3, 1) and (3. 2), and EH™ from (4. 3), (4. 4) and (4.6):
o 0P\,
p— a —
_2(A2 dx) S, G (4.6)

nm>ij

Knmij
-1 i 'nm
Eijnm;?ipp/'z—(;' (1—%—4})-/(;—(;‘) 'G—Ai;a_' (4.7

Therefore, the fundamental relationships in the first form have the form (2. 1) for an
initial isotropic body with a loading function in the form (4. 5), where the notation (4.2)
and (4. 6) has been introduced, and have the form (3. 9) in the second form, where the
notation (4. 1) and (4. 7) has been introduced. The fundamental relationships in the first
form are presented in [5] in several other notations, The fundamental relationships in
the second form for a loading function in the form (4. 5) are presented here as an illus-
tration of the inversion of (3. 9) and (3. 10) for an arbitrary loading function.

In the case of a loading function in the form of (4. 5), the fundamental relationships
can be given a still different form, To this end, let us introduce the following notation:
E’ is the tangential modulus on the uniaxial tension diagram, o,,.is the stress intensity.
Following [5], let us assume that the work of the plastic strains is determined completely
by the stress intensity. In this case, we can obtain by analogy with [5]

3 1 1 G'km 3 s
Mkm=—z‘1/7;~‘——ETTuv o=V e 4.9)

Substituting (4. 12) into (4. 3), we obtain after a number of transformations
y 9 s E 2 (E 1
jnm __ =2 = (. __ “ (=
Ein =B 5 (E' 1)[1+v+ 3 (E' 1)]
We similarly obtain the fundamental relationships for other loading functions also,
REFERENCES

1. Ivlev, D, D.and Bykovtsev, G.I., Theory of a Hardening Plastic Body.
"Nauka", Moscow, 1971.

2. Sedov,L.I.,Mechanics of a Continuous Medium, Vol, 2, " Nauka", Moscow, 1970.

3. Guz’, A.N,,Sstability of Three-Dimensional Deformable Bodies.’ Naukova Dumka;
Kiev, 1971,

4, Kliushnikov, V., D., Bifurcation of the strain process and the concept of conti-
nuing loading. Izv. Akad.Nauk SSSR, Mekh, Tverd. Tela, N2 5, 1972,

5., Kachanov, L, M., Principles of the Theory of Plasticity." Nauka", Moscow, 1969,

Translated by M, D, F,



